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1 Introduction

These are lecture notes taken from a topics course on Determinants, Analytic Torsion, and Mirror Symmetry
taught by Prof. Xianzhe Dai in Winter quarter 2020. These notes were typed up as a collaborative effort by
Qingjing Chen, Jiasheng Lin, Danning Lu, Will Sheppard, Chengzhang Sun, Alex Xu, and Junrong Yan.

2 The Determinant of the Laplacian

A reference for this section is The Laplacian on a Riemannian Manifold, by Steven Rosenberg. I found a
PDF at: |http://math.bu.edu/people/sr/articles/book.pdf

2.1 Finite dimensional determinants

Suppose that A € M,,.,,(R). Then we know that

det(4)= [ Ay

i EO’(A)


http://math.bu.edu/people/sr/articles/book.pdf
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where o(A) is the spectrum, and n; is the algebraic multiplicity of A;. For the remainder of the discussion
in this section, suppose that A is a symmetric, positive definite operator; then

/ e (@A) gy = 77/2(det(A)) /2

This is important to physicists as the partition function. To extend this notion to infinite dimensional
operators, we consider the following useful definition.

Definition 2.1. The zeta function corresponding to A is

Cals)= D A

i GO’(A)

where the eigenvalues \; are counted with their corresponding multiplicity. This is a holomorphic function
of s; everything is well defined since \; are all positive real numbers.

We note that
Culs)=— > Al

)\iGG‘(A)

In particular, when s = 0, we see that

Ca(0)=—= > In);=—Indet(A)

)\7‘,60'(14)

Hence, e=¢4(9) = det(A). In the remainder of this section, we will work to extend this definition to the case
of infinite dimensional operators by first constructing a “zeta function” in a similar manner. Defined this
way, the determinant is usually called the zeta function reqularized determinant. There are also other ways
to “regularize” the determinant which we do not discuss.

2.2 The Hodge Laplacian

Let (M™, g) be a closed Riemannian manifold, and let Q* (M) = T'(M, A*T* M) denote the space of differential
forms over M. Let d : Q¥ — QF*t1 be the de Rham differential. We note that ¢ induces an L? inner product
on the space of k-forms QF by:

(wym) = /M <Wpa 77p>pdVOIg (p)

where (wp, 7,)p is the inner product induced on A*T7* M by letting da’* A - - - Adz™ be an orthonormal basis.
Then, d has an adjoint d* with respect to this inner product. Locally, we can compute an explicit formula
for d* via integration by parts, so d* takes smooth k-forms to smooth k£ — 1-forms.
Now we define A = dd* 4+ d*d : Q* — Q*, the Hodge Laplacian. By construction, it is degree preserving.
Noting that:
(w, Aw) = (w, (dd* + d*d)w) = (dw, dw) + (d*w,d*w) > 0,

so A is positive semidefinite. Furthermore, it can be checked locally that A is a second order elliptic operator,
and clearly it is also self-adjoint (symmetric); hence, it has discrete real spectrum, and each eigenvalue has
finite multiplicity. We list them

0<AM <A< -—

Moreover, from functional analysis we are indeed sure that Ay — 400 as k — oo El

Remark. Note also that, acting on functions namely 0-forms Q°(M) = C°°(M), this A is exactly the negative
of the classical Laplace-Beltrami operator.

1See, for example, Lawrence C. Evans, Partial Differential Equations, theorem 6.5.1.
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2.3 The determinant of the Laplacian
In analogy with the finite dimensional case, we now define
Cals) =D A
Ai>0
For the moment, none of this is well defined. Mainly we are met with the following:
e when is the above series convergent?
e does (/4 (0) make sense?

It will turn out by understanding asymptotic behavior of the Laplacian that the above sum converges for
Re(s) > n/2, with analytic continuation to a meromorphic function on C with simple poles at 5 — ¢, for
¢ € N. That is the goal of this section; we begin motivating discussion with an example:

Example 2.1.1. Let M = S' C C be the unit circle with the induced metric. It is not hard to compute:
32
962

on QY(M) = C°°(M). It follows that the eigenvalues are k* for k € N, each with multiplicity 2. The
corresponding eigenfunctions are the Fourier basis elements e**7?. Hence, it follows that

A:

Cals) =23 ()7 = 2¢(29)
k=1

Where ((s) is the Riemann zeta function. We recall that the classical Riemann zeta function has an analytic
continuation as a meromorphic function on C. In particular, it does not have a pole at s = 0. So,

det(A) = exp(—C4 (0)) = exp(—4¢’(0)),

i.e. the determinant in this case is indeed well-defined. Now we re-examine, in detail, the classical methodﬂ
of analysing the zeta function, namely that which uses the Gamma function and Mellin transform, in order
to be clear on how we could possibly generalize.

Recall the construction of the Gamma function:

T'(s) ::/ t>~Le~tdt, for Re(s) > 0. (1)
0

Which satisfies the functional equation sI'(s) = I'(s + 1). From change of variables, for A > 0, we ob-
tain A7 = (1/I(s)) [, t*"te~"Adt (the Mellin transform). So, in our case, we have

s) = - 7QS:L > s—1
cal) =23 k7 = g [ e 2

where J(t) = Y7, ¢~"**. Remember that while defined on Re(s) > 0 by the formula , the Gamma
function extends, via analytic continuation, to a meromorphic function on the entire complex plane with
simple poles at s = 0,—1,—2,..., the non-positive integers. Moreover, from the famous Fuler reflection

formula
T

I'(1—s)I'(s) =
(1=)L(s) sin(7s)
we see that I'(s) is never zero. Thus the reciprocal 1/T'(s) is in fact entire and has zeros at s = 0,—1,—2,....
Now look at the function J(t). It is clear that the series converges pretty well and is in fact smooth
on (0,400). Moreover, note that

> et 1
Jt < 7tk:: < —t
‘(”—;6 l—et=1-1/e"

2See, for example, Elias Stein and R. Shakarchi, Complex Analysis, section 6.2.
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for t > 1. So this tells us that in the part

1 / a1
— 57 (2J(t))dt (3)
I'(s) 1
the integral is always absolutely convergent and defines, indeed, an entire function of s. Our problem then
remains for the behavior of J(t) as t — 0. For this, we employ the following

Lemma 2.1 (Poisson Summation Formula). Let f(t) be a smooth real function which decays faster than any
inverse power of t as t — +oo. Then

Yo fky =Y Jo), (4)

k=—o0 l=—00

where f(§) (: I, f(t)e_%iftdt) is the Fourier transform of f(t).

_1

,52/4,5 . .
WZris , this summation

Thus to the function fy(z) = e~'** whose Fourier transform is f,(€) =
formula is readily applied, and we obtain

> 1 2 &
1423 e = + e/ 5
; At VAart ; ( )

j

implying that, upon noting similarly as before Y, e~ 1*/4t < Ce /4 (now t < 1),

1
Vart

as t — 0 (note that Le~1/4* is bounded for t > 0). So we write

2J(t) = — 14+ O(e” /8 (6)

1/1ts_1(2J(t))dt— 1/11&5_1 (2J(t)—1+1) dt + L it — — /1ts_1dt
I'(s) Jo - T(s) Jo VAt I(s) Jo VAnt L'(s) Jo
1 ! 1 1 1
=—— [ ¢! . d dt . —
/0 (exp. decay) dt + Tol(s) 5= % T+ 1)

I'(s)
where in the last term we used the identity sI'(s) = I'(s + 1). For the integral in the first term, since
we are multiplying a function of exponential decay (as ¢ — 0), it defines an entire function of s. As said
previously, the reciprocal of the Gamma function is entire. Therefore, combined with part 7 we conclude
that our (a(s) is indeed analytic in all of C except the only simple poles at s = % In particular, it does
not have a pole at 0. Hence, finally, we are allowed to find ¢}, (0) which constitutes our definition of the

determinant (the Zeta function regularized determinant).

Ezercise. Find an explicit formula for ¢}, (0). <

Now we come to the general case. In the general case, Mellin transform gives

Ca(s) = Z AT = 1 /OO 7 (Tr(e ") — dimker A) dt, (7)

£SO L'(s) Jo

where Tr(e™t2) = ZMEU(A) e~ counting multiplicity, and thus the number of 1’s that appear in the trace
is exactly the multiplicity of the zero eigenvalue of A, namely dimker A; zero eigenvalues are avoided in
the sum defining (A. Now since the eigenvalues in general can be complicated, tools such as the Poisson
summation formula are not available. However, we have the following

Theorem 2.2 (Heat Asymptotic). Let (M™,g) be a closed Riemannian manifold, and A the Hodge laplacian
on QY (M) (for all i), with its eigenvalues listed, counting multiplicity, 0 < X\j < Ag < -+ < A\ < -+ — +o00.
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Then the trace Tr(e=t2) = Y"32, e~ is smooth on (0,+00), and as t — 0, we have a complete asymptotic
expansion Tr(e™'®) ~ 372 Ajt=2 1 that is, for all l € N,
!
‘ Tr(e™'4) =Y Ajt= 3| < Cpem 3t (8)
j=0
for 0 <t <1, where Cy is some constant determined by [,
() - volg (M)
AO = W, and Aj = /]\/[ a,j(x)dvolg7 (9)

where a;j(x) is some function depending on the curvature and its derivatives.
Proof. Coming next. O
As a consequence, we have

Theorem 2.3 (Weyl Asymptotic). With the same setting as above, for any A > 0, define N(\) := #{\; <
A}, i.e. number of eigenvalues < A counting multiplicity. Then as X\ — oo,

(7;) VOlg(M) )\n/2

NV~ Gy )

(10)

Proof. Coming next. Use the following. O

Lemma 2.4 (Karamata’s Tauberian theorem). Let F : [0,4+00) — R be a non-decreasing unbounded func-
tion, and let

w(t) :== /OOO e () (11)
be the Laplace-Stieltjes transform of F'. Then for p > 0, we have

w(t)~Ct " ast—0 (12)
if and only if

CH*

F()\)Nm as \ — oo. (13)

Corollary 2.4.1. As k — oo,
2/n

A~ [WW 0 (14)

(:‘) volg (M)

Theorem 2.5 (Zeta function is well-defined). In the zeta function of our Laplacian

Cals) =D A" (15)

A >0

the series is absolutely convergent and defines an analytic function of s in Re(s) > n/2. Moreover, it admits

an analytic continuation to all s € C except the only possible simple poles at s = 2,2 —1,...,2 —1,...,

272 )2
with 0 excluded (i.e. still regular at 0).
Proof. Coming next. Use the following. O
Now we are in a safe position to make

Definition 2.2. Let A be our Hodge laplacian. Then define det(A) := exp(—C4 (0)).
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2.4 Asymptotic expansion of heat kernel
Let (M, g) be a closed Riemannian manifold, A be the Hodge laplacian on Q¢(M). We define

oo

Tr(eftA) = Z etk

i=1

where \; are eigenvaules of A counting with multiplicities. We want to explore the asymptotic behavior of
Tr(e *A) ast — 0.
Let ¢, be eigenforms of A, i.e. A¢gr = Apdr. Then we know that {¢y} forms an orthonormal basis of

L2((M)). A
Thus for f € L2(Q4(M)),

f= ch¢k, where ci, = (f, r) 20 (M) :/ < f,¢r > dvoly.
M

k=1
Then -
(e f)(x che Py = ZG_M’“%(»T)/ < fs¢r > (y)dvol(y).
k=1 M

Now define ¢7. by ¢%(y)(f(y)) =< f(y), br(y) >

K(t,z,y) =Y e ™ p(x) @ ¢j(y) € Hom(A'T; M, A'T; M).
k=1

We then have
(e A f)(x / K(t,z,y) f(y)dvol(y).

Here K (t,x,y) is called heat kernel of A.

So far, we have
e ¢~ *A is an integral operator with integral kernel K (t,z,v).

o K(t,z,y) satisfies the heat equation

Moreover, for any f € Q(M), lim¢ [, K(t,z,y)f(y)dvol(y) = f(x), i.e. limy_o K(t,2,y) = 0,(y)Id

Ezample 2.2.1. Let M = (R",go), where gy is the canonical metric on R”. Then A = — Y7 | % on
functions. We can write down the heat kernel explicitly:
Ko(t,z,y) = 1 e—d2(w7y)/t
[UNZE2) (47Tt)n/2
We now claim T'r(e = [y tr(K(t,z,2))dvol(x). This is because ( for simplicity, let’s prove the case

when A acts on functlons)
oo
K(t,z,x) Ze A% e ()
k=0

Consequently,

/ K(t,z,x)dvol(x Ze‘t’\" = Tr(e ?).

Since we know that locally, at each z € M, M looks like Euclidean space. So can we approximate

K(t,z,y) on functions by Ko(t,z,y) = We—fﬂ(fvy)/t?
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In fact, on Be,(z), where ¢y < inj(M), we have geodesic coordinates (r,£). And

2
A _872 _olydetlg) | Agos,
or det(g) ’

where S”~1 is the geodesic ball with radius r.

Now set Pi(t,z,y) = Ko(t,z,y) Zé‘:o thuj(z,y), D = ';ff(lg) where u; is to be determined later. By
straightforward computation, we know that

Oy + A)pi(t,x,y) = 2t D Zt]u]+2]t3 Lu; —|—Zt Auj + — Zt@u]
If we choose uj, s.t.
r O
rOpug + 3 ug = 0, (16)
roru; + S(%L2 + j)uj + Auj_g =0,

then
(0 + A)pu(t, x,y) = t'(Ayu) Ko = O /).

In fact, can be solved recursively. To extend P; to whole manifold, we choose a smooth cutoff
function 7, s.t.

1, if d(z,y) < Linj(M);
n(@,y) =9, . (@) > (M)
0, if d(z,y) >
And set Hy(t,z,y) = n(z,y)Pi(t, z,y).
Lemma 2.5.1. H(t,z,y) € C*((0,00) x M x M). Moreover,

1. ifl>n/2, 0y + A H; = O(H—/2).

2. Hi(t,z,y) — 6,(y) ast — 0.

In fact, from approximated solution, we have able to derive exact solution(i.e. heat kernel):
Let F,G € C*((0,00) x M x M), F,G = O(1) as t — 0. Define

(FxG)(t,x,y) : //stz — 8, 2,ydzds),

= x F.
E/—/
n times

Then we have the following Duhamel principle

Lemma 2.5.2 (Duhamel Principle). For fized | > n/2, the heat kernel K (t,xz,y) is given by

K=H, - (Z( DL (0, 4+ A) Hy)* >*Hl.

=1
As a consequence, we obtain the asyptotic expansion of heat kernel
Theorem 2.6.

L @ey/tN~i,
K(t,fﬂ,y)w (47Tt)n/2e j;tu](z,y)

ast — 0 for z,y € M and d(z,y) < Linj(M).
Moreover, ug(z,x) = 1,ui(z,y) = $R(z), uj(z,x)(j > 1) depends on the curvature and its derivatives.

Here R(x) is the scalar curvature at point x.
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Remark. The method extends to the generalized Laplacian: Suppose E — M be a vector bundle, V¥ be a
connection on E. Then the Bochner’s Laplacian is defined

AP = -VIVE+VT, .,

where {e;} are orthonormal basis of TM.

We say L is a generalized Laplacian L = L¥ + F, for some F € C®(M, End(E)). For example, let
E = A'T* M, then Hodge Laplacian A = A + R for some curvature term R.

Now suppose K7, is the heat kernel of L, we have

l
1 /iy g,
KL(tazvy)N (47Tt)n/26 - O(I)](‘T7y)a
j:

where ®;(z,j) € Hom(E,, E,). Moreover, ®y(z,y) is the parallel transport along radical geodesic with
respect to VF.

2.5 Variation of determinant

From our previous discussion, our determinant is clearly depends on metric g. Before moving on, let’s look
at a concrete example

Example 2.2.2. Let M = S', then metric on S* is sepcific by length L. It’s easy to see that

CLls) = 257) 7206 (2s),

which implies )
Indet(Ar) = ~¢7,(0) = ~4¢'(0) + 4(In( )¢ (0).

In general, the situation is much more complicated, and local geometry enters.

Recall ) -
Cals) = m/ t*=1(Tr(e™'®) — B)dt, where B = dimker(A).
5) Jo
We first study the asymptotic expansion of heat kernel.
Let (M, g) be a closed Riemannian manifold, F — M be a vector bundle. For a real parameter €, L. is
called a family of generalized laplacian if L. = AP + F., where A is the Bochner Laplacian with respect to

a C™ family of metric g. and a smooth family of connection V¢ and F, is a smooth family in End(FE).

Theorem 2.7. If L. is a smooth family of generalized Laplacian, then for any t > 0, the family of heat
kernel K (t,z,y) depends smooth on € (as well as (t,x,y)).

Moreowver,
0
76715115 — / —(t—s) L. aLe 7SL <ds.
0 66

In particular,

0 oL
ZTyr(etle —4T € etLey.
e lr(e™ ) = —tTr(—5=e™™)
Proof. Smooth dependence comes from the construction of heat kernel
For the derivative, let ¢ € C°°(M, E). Then u, := (e~ 'l<¢)(x fM (t, z,y)p(y)dy solves the initial

problem

{(at + Lo)ue =0, a7

ue|t:0 = ¢

Differential we get

(815 +L )c')ue = 7861:’&5,
Oeuli—o = 0.
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As a result,

ou ¢ oL ¢ oL
€ _ —(t—s)Le(_ “He — —(t—s)Le(__ ZHeN —sL.
5 /0 e ( 5 Yue(s)ds /0 e ( 5 )e ods,

which implies

Le
%Tr(efmf) = ftTr(aa—ee they, (18)
O
Now suppose L. is positive, by (18)), we have
0 0 oL
ZTrle tbey =t =T (L) le—tle)
ge e ) =t Tr(Te (L e )

Now for Re(s) > n/2, by our assumption B, = 0, hence

1

“O= T

o0
/ LTy (et dt.
0
Hence,

2Ce(S) = % /OOO tS*lgTr(e*tLe)dt

Oe I'(s Oe
1 < 0. 0L
— SfT €L71 —tL,
F(s)/o P Trige b dt
_ t° 6L6 —tL¢y|oo 1 > s—1 8L6 —1_—tL,
——F(S)Tr( 5 Lee )32, —F(S)/O st®= T ( e L7 e " e)dt

1 > s—1 aL 1
=—— =T CLte the)dt
F(s)/o 5 ( Oe € € )

Ezample 2.2.3. Let (M?,g) be a closed surface, up to diffeomorphism every metric is conformal to each
other, hence it suffices to consider variations of g of the form g, = ¢*fg for some f € C>°(M). Then the
corresponding variation of Laplacian is given by

Age = 672(;ng
Hence aA
9 — _9fA
Oe FBq.
and therefore
0Dy, 1 _in —tA
Tr( SNTreT e ) = —Tr(2fe” 0 ee)

Oe Ge

plug this into the formula for %Cﬁgev we get (drop the integral from 1 to co)

QC N /1 tsflTr(Zfe*tAgf)dt
de *Poe T'(s) Jo

Let K (t,x,y)be the heat kernel of A, , namely

(et ) () = / K.t 2, 9)0(y)dy
M

hence
(2fe P p)(a) =/ 2f(x) Ke(t, 2, y)p(y)dy
M
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we treat 2f () K.(t,z,y) as the kernel for the new operator 2fe *® s then the Lidskii theorem says that
its trace is given by

Tr(2fe"Pa) /M 2 (2)K.(t, 2, 7)dx (19)

Now apply the asymptotic expansion for K.(t,z,y), we get asymptotic expansion for 2f(x)K. (¢, z,x),
which says that

2 () Kl 2,2) ~ D 28 1y, 2) ()
=0

here we have pg(z,2) = 1 and p1(z,2) = 3R, where R is the scalar curvature. Now if we plug in the
asymptotic expansion for 2f(z)K.(¢,z,x) into (19) we can see that

1 / i —ta
—— | T Tr(2fe P )dt
I'(s) Jo
has a analytic continuation to s € C and is regular at s = 0. Moreover we its value at s = 0 is given by
{1 /1 ts_lTT(2fe_tA-"6)dt] = i/ 2f(x)p1(z, z)dx
F(S) 0 s=0 47T M

Hence we have:

9, )

0
&AQE(O) = &SZO(ECAQE(S))

= % S_O{s [r(ls) /Olts_lTr(2fe_mgf)dt]}
1

- {F(s) /O 1 t574r(2 fe—m-qe)dt} .

1
= y 2f(x)p1(z, z)dx

but then we have pi1(z,2) = 1R, = 2e 2/ (=Ay(ef) + K,), and hence

0 0
I ndetn, = -Z¢
86 ndet Ge ae CAge (0)

1
= 3 y [ef(—Agf) + K4l dvol,

If we integrate with respect € from 0 to 1 we get

Theorem 2.8. (Polyakov formula) If (M?,g) is a closed surface and § = €*/g, then
1
Indet Ay — Indet A, = 77/ (IVf? + 2K, f)dvol,,
6m M

In gernal we are not so lucky, although

)
s~ 9e L 1 tLg, dt
F(s)/o r( 9e 9 € )

does admit analytic continuation to s € C, but s = 0 may be a simple pole: to see this we look at the

asymptotic expansion of

OL, | _ o 0L, _,
TT(—aeg Lgele tLgf):/t Tr(—aé] e %lae)ds

10
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and if K.(s,x,y) is the integral kernel of L, then we have

8Lg —sL 6L9
L ge — € KE , T, d
( 5 ¢ ) (@) e )./ (s,2,y)(y)dy
by the Lidskii theorem again we see that its trace is given by

L L
Tr(aaegee—nge):/M<aaje> K. (s,z,z)dx

Recall the asymtotic expansion for K. (¢, z,y)

L /e N~
Ke(taw7y)NWe ];)t M](l‘,y)

which tells us that

oL N
(%) Kol ~ 53 b0y
x =0

Thus for 0 < ¢ < 1, we have (again drop the integral from 1 to co)

' 0L ! oL
T 9e —nge d — / / 9e Ke d d
/t r(—86 e )ds U e ) (s,z,x)dz| ds
1 o>
N / LS 0B, | ds
¢ =

— B s — B
— Z—ﬂijt 2+J+Z_ﬂij—Bn/ant
izy 2 iy 2

where Bj = [}, bj(x)dz, hence

oL, —_, _ e 0L, _,
Tr(—ageLgele thae) = /t TT(—a: e skoc)ds
_B.; .
~ Zni'],t_§+J+C—Bn/21Ht
n 9 +]
J#5

_Bjj + 7 T?“(ag—;“e_s%e)ds is a constant.This shows that

where C' = 2. To4

J

N

1 [ AL,
s T geL 1 tLgE
—F(s)/o t T(—ae o € )dt

does admit an analytic continuation to s € C, but s = 0 may be a simple pole due to the term In¢. Of course
this will not occur if the dimension of the manifold n is odd, in which case B, /, = 0.

3 Determinant line bundle

3.1 Introduction

Let L : V — W be a linear map between n dimensional vector spaces, then we can define its determinant
as the induced map on the n'” exterior power

n

detL:/n\V—>/\W

11
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equivalently det L € (A" W) ® (A" V)" which is a “line”, we write this 1 dimensional space as DetW ®
(DetV)*. Now we want to extend to the infinite dimensional vector spaces, this can be done by exploiting
some basic properties of “det”:

1. Det(V & V') 2 (DetV) ® (DetV')

2. If we a short exact sequence of vector spaces:

0—V —V —>V"—0

then we have DetV = (DetV') @ (DetV")

3. More generally if we have any linear map L : V. — W, then we have (DetW) ®@ (DetV)" =
(DetCokerL) @ (DetKerL)*

The last property enables us to define determinant line for linear maps between vector space not neces-
sarily of finite dimensions, but has finite dimensional kernals and cokernels, in this case we can simply define
the determinant line as (DetCokerL) ® (DetKerL)™, but a priori this may depend on L.

3.2 Dirac (type) operators

Recall that we have the Hodge laplacian A = dd* + d*d = (d + d*)? defined on the exterior algebra bundle
A“M . Tt is an example of Dirac (type) operator, as one can check that A = c(e;)V,, where {e;} is an
orthonormal frame of the tangent bundle TM, V being the Levi-Civita connection (here more precisely
it’s the induced covariant derivative on A" M) and c(e;)w = (ef A w) — (e;0w) is an example of Clifford
multiplication, it satisfies the Clifford relation:

cei)e(ey) + clej)e(e;) = —24;;

Definition 3.0.1. (Clifford bundle) Let (M™,g) be a Riemannian manifold, a vector bundle E — M is
called a Clifford bundle if there is a bundle homomorphism

c : TM®FE —FE
(v, 8) — c(v)s
satisfying
c(v)e(w) + c(w)e(v) = —29(v, w)
for any tangent vectors v,w. We call such a c a Clifford mulplication

Ezample 3.0.1. E = \" M and ¢(v) = v* A —v_ provides an example of Clifford bundle as we have discussed.

Definition 3.0.2. (Clifford connection) A connection V¥ on a Clifford bundle is called a Clifford connection
if it is compatible with the Clifford connection in the sense that for any vector fields V,\W € C*(M,TM)
and a section s € C°(M, E)

VE((W)s) = c«(VyW)s + c(W)VEs

where V is the usual Levi-Civita connection.
Using the Clifford connection we can define the more general Dirac (type) operator
D = c(e;)VE : C®(M,E) — C>*(M,E)

where {e;} is an orthonormal frame of TM. It is known that such a D is a 15t order elliptic differential
operator, and is self adjoint with respect to an L? — metric (, ) on the completion of the space C*°(M, E)
provided that ( , ) is compatible with the Clifford multiplication in the sense that in the sense that for any
unit tangent vector v € TM we have {(c(v)s, c(v)s’) = (s,s’), such a metric always exists.

12



Math 241B Determinants, Analytic Torsion, and Mirror Symmetry Winter 2020

Theorem 3.1. (Lichnerowiz) D? is a generalized laplacian, namely
D*=A"+R
where R = 1c(e;)c(e;) R (e;,¢;), {e;} is an orthonormal frame and R¥ is the curvature os V¥,

Proof. Yx € M, choose a local orthonormal frame {e;} near  such that V.,e; = 0 at z. Then at x we have

D* = (c(e)Ve)(ele;)VeE)
= c(ei)c(ej)Vfinj
= -VEVE + Zc(ei)c(ej)VEVE
1#]
1
_ AE EvE EwE
- & +2§c<ei>c<ej> VEVE -VEVE
i#]

= AP+ Cele)ele)) R (e0re;)

O

Now we would like to discuss a Zg-grading (supersymmetry) on the Clifford bundle, let’s start with an
example:

We have the Hodge laplacian A = D? where D = d + d* : Q*(M) — Q*(M) , we can consider
the consider the involution o = (—1)%9 : A* M — A* M, it gives us a direct sum decomposition \* M =

ven nrey A% M, where AU M and A°™ M are eigen-subbundles with eigenvalues 1 and —1 respectively.
g g
Moreover it is straightforward to check that ¢ anticommutes with D, namely ¢ D = — Do, hence with respect
to the above direct sum decomposition D may be written as

0 Dodd
D = [ peven 0 :|

and (D*")* = D° (because D* = D is self-adjoint). Such a o is called a Zy-grading on \* M.

Remark 3.1.1. In the previous evample, we have ind(D®’®") := dim ker D¢V*" — dim ker D°4¢ = y(M) is
the Euler characteristic of M.

Definition 3.1.1. A Zs-grading on a Clifford bundle E is a bundle homomorphism o : E — E such that

o2 =1d
oD+ Do =0

n(n+1)

Ezample 3.0.2. On a complex Clifford bundle over an even dimensional manifold, we can take 0 = (=1) " 1 ¢(eq)e(ez) - - -

If n is divisble by 4, then we con’t need E to be complex.
Let (E,V¥) be Clifford bundle with Clifford connection. Thus we can get a Dirac operator
D = c(ei)Vg.
Let 0 : E — E be a Zy-grading, which satisfies
l.o?=ld=E=EToE".

o D~

2.0’D=DO’Z>D:D+ 0"

We have
det DT € (Det CokerD+) ® (Det kerD™)*

13
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3.3 Determinant Line Bundle

Variation of determinant of Laplacian.
Similarily: variation of determinant of Dirac
Geometric description of variation parameters:
M— X
lﬁ
B
Where M — X is the fiber bundle/fibration, and B is the parameter space.
For Vb € B, X, = n~1(b) = M.
TV X C TX is defined to be the tangent vectors of X tangent to the fibers. Assume that we are given the
decomposition
TX =T"XaT"X.

Here TH X is called the horizontal bundle, which is always isomorphic to 7*TB.
(i.e., the fiber bundle comes with a connection.)
Let gV be a fiberwise metric on TV X. (family of Riemmannian metrics on typical fiber M.)

E,VEe »M —— X =Mx1I

Ezample 3.0.3. Previous, family of generalized Laplacian l lﬂ TVX =
(M, ge) B=1
M — X
F*TM, 7: MxI—M,qg" =g. Given lﬂ with TX =TVX @ THX, ¢¥ metricon TVX.
B

Exercise: Choose Riemmanian metric on B, gg, then gx = ¢¥ @ 7*gp gives Riemmanian metric on X.
Thus we can find connection on TV X ny projection the Levi-Civita connection:
TVX
l Explicitly, if V is a vector field on X, W € C=(X,TV X) is a vector field on X tangent to the fibers,

X
then
vVVVY = (VéW)V7
where V% is the Levi-Civita connection, and for a vector field U on X, UV is the projection onto the vertical
part, given by the decomposition TX =TV X @ THX.
Exercise: V is independent of the choice of gp.

Now, E — X is called the (fiberwise) Clifford bundle, if
c:TYX®FE - E

satisfies Clifford relations.
VE is called tthe Clifford connection if

VE(e(W)s) = c«(VyW)s + ¢(W)VEs,

where V € C®(X,TX), W € C®(X,TVX) and s € C*(X, E).
and we have family of Dirac operators D = c(ei)Vfi, where {e;} is local orthonormal frame for TV X.
Vb € B,

Db : COO(Xb, E|Eb) — Coo(Xb, E|Eb)

is first order elliptic, self-adjoint (with respect to right metric on E)
Assume additionally, we have a Zs-grading o : E — FE.
We have determinant line

(Det CokerD;") ® (Det kerD;)*.

14



Math 241B Determinants, Analytic Torsion, and Mirror Symmetry Winter 2020

Turns out they patch together to form a smooth line bundle over B, which is called the determinant line
bundle. It comes with a natural metric, the Quillen metric, and a compatible connection, the Bismut-Freod
connection. The curvature formula for the Bismut-Fried connection elegantly encodes the variation of the
determinant of Dirac operators.

Remark. Since D* = D, which implies that (DT)* = D™, which further implies that CokerDt = kerD~.
Determinant line bundle at b € B is

(Det kerD; ) @ (Det kerD;").

The main issue is that, in general, dim ker Dbi may not be constant in b!

3.4 Quillen’s construction of the determinant line bundle

We use the method of Quillen to show that our determinant line bundle is smooth. The main issue really is
with the small eigenvalues vanishing; to resolve this, we take them into consideration in this construction.
Let

be a fiber bundle as before, and let D be a family of Dirac operators over M. o : E — E is a Zs-grading.
Fix a > 0, let U* = {b € Bla ¢ SpecD?}, which is an open subset of B. Let K be the direct sum of
eigenspaces of D7 (which is a generalized Laplacian) with eigenvalue less than a. Thus we have K¢ — U® as
smooth vector bundles. (Remark: only constant dimension over connected parts).Also, o : K¢ — K® gives
decomposition K¢ = K&+ ¢ K%~
Define \* = (Det K~ ) ® (Det K*T)*. This is a smooth line bundle over U*®.
Note that we still have short exact sequences

N
0 — ker Dt — KT 25 DH(K*F) -0,

0— DHEK™) — K —kerD™ — 0.

For the second one, note that ¢ € K%* is an eigensection implies D™D ¢ = D?p = \p, with 0 < \ < q;
and oy = .
So, we have

A = (DetK* ™) ® (DetK*")* 2 (Det kerD ™) @ (Det kerD™)*

a smooth line bundle over U®.

We now describe how the A% glue together to form a line bundle; note that since Dirac operators have
discrete spectrum, the U%’s indeed form an open cover. Let 0 < a < a’, and define Usa' = UenU* . Define
the bundle K®® as the direct sum of all eigenspaces corresponding to eigenvalue a < A < a’. As before, this
is a smooth vector bundle since it has constant rank on each connected component. Notice that

Ka’ = K¢ ey Ka,a'
Hence, taking the determinant line bundle we have a canonical isomorphism
)\a’ — )\ ® )\a,a'

Where A\%% is the determinant line bundle of K*%. We now note that D : K%% — K% is a bundle
isomorphism, since K*% is a direct sum of eigenspaces with bounded below and above eigenvalue. Hence,
A% is actually the trivial line bundle so the isomorphism above is actually between A* and A°.

15
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To see that the cocycle condition holds for this system, let 0 < a < a’ < a”. We now observe that
[(a,a77 — Ka,a' @ Ka',a”
So we get a canonical isomorphism of line bundles
)\a,a” _ )\a,a/ ® )\a/,a”
Which gives us the cocycle condition! Hence, we have shown

Theorem 3.2. The line bundles A* over U® glue into a line bundle \ defined over all of B. Over each fiber
there is a canonical isomorphism A, = (Det CokerD;") ® (Det kerD;)*.

Ezample 3.0.4. Let M — X — B be a fiber bundle, and let E = A*(T")*X be the Clifford bundle of vertical
differential forms. Then D = d¥ + (d")* is a Dirac operator, where d" is the fiberwise differential, and the
adjoint is taken with respect to g"'. We take the natural grading given by degree; i.e. o(w) = (—1)Pw for
w € AP. So even degree forms are the even part of our Clifford bundle and odd degree forms make up the
odd part of F.

Then, we note that D? = AV the fiberwise Hodge-Laplacian. It follows from Hodge theory that ker D =
Hever (M), the vector bundle of fiberwise harmonic even forms, and likewise ker D~ = H°(M). So in
particular, the determinant line bundle A = is already well-defined without any gluing (i.e. there is no weird
dimension jumping).

3.5 The Quillem metric on the Determinant Line Bundle

Quillen also showed that the determinant line bundle also carries a natural smooth metric. We begin by
motivating this by continuing the example from above.

Example 3.0.5. As before, let E be the clifford bundle of vertical differential forms. There is a fiberwise L?
metric on the space of sections I'(X, E) given by:

@0 = [ (6.0)dvol,y € C=(B)

This passes down to ker D* via identification by fiberwise harmonic forms, and hence a fiberwise metric
|| - ||z on the determinant line bundle A. The Quillen metric in this case is

-1
12 =1 s - exp -G 0)
The latter term should be thought of as a correction term; in the general case || - ||L2 may not be smooth,

while || - || is!

Now we proceed to the general case. For a > 0 fixed, recall that we have a corresponding smooth vector
bundle K%* — U?, endowed with || - |12, a fiberwise L? metric. As before, this gives rise to a smooth
metric on the corresponding determinant bundle \*.

We now investigate how the metric changes when we pass from U® to U @ for0 < a < a'. The isomorphism
over U%® can be described by

AT =AY 2 AT @ A
s+ s ® det DV

Note that by self adjointness of D, we have K¢ L K* Hence,

’

s = |Isllz] det D

= [lsllz(det(D)?)"/2

!
||S(X)det D 7—i_”iz,a ,a,a

16
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The second equality comes from self-adjointness of D. So gluing gives a discrepancy, with the correction term
coming from the determinant. In light of what we have done with the log determinant, it is not surprising
that this should come from:

CDz,a(S) = Z A8

A>a

for A € Spec(D). As before, we use zeta function regularization and heat kernel methods to make the integral
converge. And so it follows that

Tr(eiD2) - Z e”‘] dt

A<a

-1
|| : ”%,a = || ’ H%Q,a " €Xp TC/Dz,U«(O)
will agree on the overlaps, and we have proven

o on U® is a smooth metric on A.
)

Theorem 3.3 (Quillen). The metric locally defined by || - ||2Q

4 Curvature of determinant line bundle

4.1 Torsion of a chain complex
Let (E,0) be a chain complex of finite dimensional vector spaces (over R or C):
0B S 520 2 p 0 9o
The determinant line of (E,0) is defined as
A =Det E := (Det E°)* @ (Det £') @ (Det E*)* ® - - - ,

where the last term is Det E! or (Det E')* depending on the parity of I. Since Det E* is one-dimensional, there
is a canonical isomorphism (Det E%)* ® (Det E?) = R or C. It makes sense to denote (Det E¢)* = (Det E%)~ 1.
In this notation,

A=DetE := (Det E°) ' @ (Det B') @ (Det E*) "' ®--- .

The cohomology of (E,0) is H' := ker 0;/im 0;_1, where 0; : E* — E**!. We have short exact sequences
0 — imd; — ker ;41 — H™ — 0,
0= kerdip; — B — im0, — 0.
Hence, Det B! = Det H*+! @ Detim 9; ® Detim d;41, and thus we have a canonical isomorphism
A=Det E=Det H* := (Det H*) ' @ (Det H') @ - - - . (20)
Remark. In algebraic topology, we have an analogue (Euler-Poincaré formula)

! l
> (-1 dimE' =) (~1)" dim H".
=0 i=0
Now assume that (E, ) is acyclic, i.e., H*(E) = 0 for all . Then the canonical isomorphism becomes
A=DetE=RorC,

i.e., there is a canonical nonzero vector T'(0) € A, called the torsion of (E,0).

17
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In fact, the torsion can be constructed as follows. As the complex is acyclic, the pair of short exact
sequences reduces to - 4 B
0 —imd; — B - imdi 1 — 0.

Let n; = dimim 0;, and @ﬁi“), -, 0% form a basis of im8; € Ei*!. Then for j = 1,...,n;, there exists

v;i) € E' such that @QH) = 51}?. Let

5 = Uii) A--- /\U&) c /\nl Ei

Then o . . . X n; .
ds' = Bvl Ao p D) = A A o+D ¢ /\ B
s’ A st = oY A A D AT AL A D € Det BT
It is nonzero because 6§i+1), e ,17£Lii+1), vyﬂ), e ,vSij form a basis of E*T1.

Definition 4.1. The torsion of the acyclic chain complex (E, ) is
TO)=(s")"'® (0" As") @ (0s' As?) L@ e A\ {0}
Clearly this is independent of the choice of bases.

Ezample 4.1.1. Any short exact sequence
0-E 5 E' LB 50
is an acyclic chain complex. In this case the torsion gives a canonical isomorphism
A =Det E = (Det E°) ™' ® (Det ') ® (Det E?)"! =2 R or C,

ie.,
Det E' 2 (Det EY) ® (Det E?),
which has been used repeatedly.

Now let (E,9) be endowed with an inner product (or Hermitian inner product). Then the determinant
line inherits an inner product.

Definition 4.2. The analytic torsion of the acyclic chain complex (E, ) is
7(9) = |T(9)]-

Since 9; : E* — E! its dual map is 0} : Bt — E°. Put

l l
D=5+5*:@Ei—>@Ei.
1=0 1=0

Then o o
D? = 90* + 9%0
preserves the degree. Denote D? = D?|p: : E — E'. Then det D? € R*.

Proposition 4.1. In7(9) = %Zézo(—l)”liln det D2.

Proof. First, note that E* = @, cgpe p2 B'(N), where E*(}) is the eigenspace of D} with eigenvalue A. Since
0D? = D20, we have 0 : E*(\) — E**!()\) and thus

(B,00= @ (EN),0).

A€Spec D2

18
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Hence without loss of generality, we can assume D? has only one eigenvalue A > 0. E|
Secondly, if v € E?, then D?v = \v, and thus

= %DZ’U = %53*1} + %5*51} =:v1 + U9,
where v, € im 9, vy € im 0*. We have an orthogonal decomposition
E'=im0;_1 +imd;,,
Proof: (Quy, 0*ug) = <62u17u2> =0.
Now we choose an orthonormal basis vii), .. .,v,@ for imd;, and then )\_1/251)?), R )\_1/2(5)1)7(3 form

an orthonormal basis of imd;. Proof: (A‘1/25v§i),)\_1/25v,(6i)> = /\_1<5*51}§i),v,(j)> = )\_1<D2v§i),v,(ci)> =

<v§z), v,(;)> = d;1, and 9 : im 5‘;“+1 — im 9; is an isomorphism. Hence,

T(0) = (v§0) /\~--/\U7(l%)) ®(5v§0) /\--~/\5U7(Z%) /\Ugl) /\---/\U,(lll)) ® -
However, |/\’1/25v¥) Ao AAT 1/28v£)Av1’+1) A- /\vgiﬂ)\ = 1, where n; = dimim 9}, ; = dimim ;. Hence,
1007 - AU AT A Al | = Ami/2) Thus we have
7(0) = [T(@)] = A3 ol
And det D2 = \dmE" — \nitnio1 Gince

l l -1

S D) i+ i) =Y (1) Tling = Y (1) + n;

=0 3

I
—~
\
—_
~—

<5
S
Sy
—~
S
\
o
~

this completes the proof. O

Remark. 1. Both T(9) and 7(9) can be defined in general, but will depend on the choice of volume forms
on H°.

2. Under canonical isomorphism, T(9) = det D up to scaling.

4.2 Holomorphic vector bundles

Let M be a complex manifold, i.e., there is an atlas {(Uy, pq)} where ¢, : U, — C™ is such that

Pap = <Pa<P,§ 1 pp(Ua NUg) = pa(Ua NUp)
is holomorphic.

Ezample 4.2.1. CP" is a complex manifold. The open subset GL(k, mathbbC) C CF is also a complex
manifold.

Let M =C and z = x + 1y € M. We define

9 _1(0 9\ o _1(d .9
0z 2\0x 0Oy)’ 0z 2\ox oy)’
Then f € C°°(M) is holomorphic if and only if 6f = 0 (Cauchy-Riemann equation). Define dz = dz +idy

and dzZ = dx —i¢dy. Then

8f +a—fd gfd +8—fd* =:0f +0f.

3Here we are using the fact that 7(0 ® 8’) = 7(0)7(9’) and that det(D; & D)2 = det D? det D;Q.

df =
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We have a decomposition d = 9 + 0.
More generally, M = C", and (z1,...,2,) € M. Write z; = x; + v/—1y;. Define

0 1/ 0 — 0 0 1/ 0 — 0
07; a 5 <8x1 B 18:[/1) ’ 07; B 5 <8l‘, + 18:[/1) ’

le' :d$¢+\/71dyi, dfi :dl’if\/f].dyi;
n af _ n af -
of = —d af = ——dz.
/ ; 92 / ; 9z ¢
Then TM ® C has a decomposition
TM @ C =T g TOD

where 709 M is spanned by %, i=1,...,n, and TV M is spanned by %, i=1,...,n.
This holds in general for any complex manifold M.

¢ TM@C=TIMaeTOYM, T*M @ C =T*OM @ T*OVM, and d = 0 + 0.
e f is holomorphic if and only if 9f = 0.
e NM(T*M&C) = Dy g N M, where AP M = AP(T*EOM)QANT*ODM). QF(M) = @, 4y W9(M).
e d =0+ 0 extends to forms:
Q: QPIU(M) — QPTLA(M), QP I(M) — QPO (M),
And d? = 0 implies 0% = 0% = 0, 90 + 00 = 0.
A smooth C-vector bundle w: E — M has local trivialization
po i (Us) = Uy x CF,
such that the transition map
bap = oty (UaNUg) x C* = (Us NUg) x C

is given by (z,v) — (2, gap(z)v) where gop : Uy NUg — GL(k,C) is smooth. We say that 7 is holomorphic
if ga is holomorphic.

Ezample 4.2.2. Let M = CP", with homogeneous coordinates [z, ..., z,]. Let U; = {z; # 0} and the local
chart is ¢, : U; — C™,
2o D Zn
20+ 20] > ( % )
Zi 2 Zq

Then ¢;; = <pi<p;1 12 (U; NU;) = ¢"(U; N Uj) is holomorphic. Consider the trivial line bundle U; N C. We
glue them together by

k
gijZUiﬁUj%GL(kJ,(C), [Zo,...,Z»,J'—) () , kelZ.

Clearly the cocycle condition g¢;;g;1gr; = 1 is satisfied and thus we have a homolomorphic line bundle
Ly — (C]P)n,

which is often denoted by O(k).

Ezample 4.2.3. For any complex manifold M, TN T*(L0) M are holomorphic vector bundles over M.
(5‘gij =0 = 8(5‘ng) = 0)
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Let # : E — M be a holomorphic vector bundle. Then we have a local frame eq,...,e; which is
“holomorphic” in the sense that if €/,..., e} is another such frame, then e, = )" a;;e; where a;;’s are
holomorphic. Hence, if s € C°°(M, E) is a smooth section, then s = s’e; and we can define

Ops =0s' @ e; € O°(M, T*OV M @ E).

The operator dg : Q0 (M, E) — QO (M, E) is called the Dolbeault operator.
Ezample 4.2.4. If e1,..., e} is a holomorphic local frame, then Oge; = 0.

Like the exterior differential d, the Dolbeault operator extends to
O : QO (M, E) - Q0D (M E)

using Leibniz rule - - -
Op(w®s) = (0w) @ s+ (—1)%8“w @ dps.
We get the Dolbeault complex
0= QO B) 22 OO (0, B) 22y L. 22, O (0 EY 50, 82 =0.

The Dolbeault cohomology is

H%I(M,E) = et plgos.
’ imaE|Qo,q71 '

Example 4.2.5. H®°(M, E) is the set of global sections of 7 : E — M.
Remark. Take E = A\P(T*(%0OM). Then Q*¢(M, E) = QP4(M).
Recall that a connection on 7 : £ — M is a map
V:C®(M,E) = C®(M,T*M @ E).
Since F = C®c¢ F, we have T*M Qg E = (T*M &g C) ®c E. Hence, there is a decomposition
V=V +V", V :C®ME)—CMTYMeE), V':C®ME)—CMT"“YMcE).
We say that V is compatible with the holomorphic structure if V' = 0.

Definition 4.3. A connection V on a vector bundle (not necessarily holomorphic) E also induces a connec-
tion 1-form w € Q'(M,End(E)). To define this, let e1,--- ,ex be a local frame, and let w] € Q'(M) such

that
k .
Ve; = Z wye;
j=1

In fact, it is not hard to show via Leibnitz rule that V = d 4+ w. Conversely, w € Q'(M,End(E)) induces
a connection via V = d + w.

Theorem 4.2 (Chern connection). FEvery holomorphic vector bundle w : E — M with a hermitian metric
admits a unique connection (called the Chern connection) compatible with both the holomorphic structure
and the hermitian metric, i.e.,

1. V" = 0p,
2. d(s,t) = (Vs,t) + (s, Vi), for any s,t € C°(M, E).
Proof. Uniqueness. Let (e;) be a local holomorphic frame, h;; = (e;,e;) and H = (h;;). Then
dh;; = (Vei, ej) + (ei, Vej).
Since

Ve, =V'e;+V'e; =V'e; +0pe; = V'e; = wgej
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J

where w/’s are (1,0)-form (connection form), we have

dhij = 6hij + 5/7,1']' = wfhkj + wfhik - (9hij = wfhkj, 5hij = wzhik.

Therefore, (wf )=0H -H! is uniquely determined.
Existence. Define w = (w]) = dH - H~'. Then one can check that V = d + w is a Chern connection. [

In particular, the connection 1-form of a Chern connection is (w!) = @H - H~! (as outlined in the above
proof).

Definition 4.4. The curvature of a connection V is a 2-form defined by 2 = V o V. This can be checked
to be C*°-linear (and thus a tensor), and in fact Q = dw + w A w.

Ezxample 4.4.1. Suppose that L — M is a holomorphic line bundle with hermitian metric and a locally
nonvanishing holomorphic section e. Then h = (e,e) and the connection 1-form associated to the Chern
connection is

_on

w=(0h)-h~* = dlnh

Since L is a line bundle, the w A w part of the curvature tensor vanishes. Hence, the curvature will be
Q=dw=(0+0)0Inh=0309Inh

In particular, the curvature is a (1,1) form Q € QD (L).

Remark. This is a feature of Chern connections. I.e. a connection over a hermitian vector bundle is Chern
if and only if the connection is a (1,1) form.

For the rest of this section, whenever we talk about the curvature of a hermitian vector bundle, we mean
with respect to the Chern connection.

4.3 Holomorphic Determinant Line Bundles

Let B be a complex manifold, dim¢B = m. For i = 0,1,--- ,¢, let E; — B be a sequence of finite rank
holomorphic vector bundles, with a chain complex structure:

0—=FyS>E 5% -5 E -0
i.e. v are holomorphic vector bundle homomorphisms (Jv = 0), with v? = 0.
Definition 4.5. The above defines a holomorphic chain complex, denoted (F,v)

If we endow the E;’s with hermitian metrics, then the corresponding determinant bundle
A= (det Bg) "' @ (Det B) @ (det By) ' @ - - -

will be a holomorphic line bundle endowed with a natural hermitian metric. To do this, we can find a
local holomorphic frame from the construction in section 4.1. Then it follows that there is a metric on each
determinant bundle that we may then multiply together to get the metric on A.

Furthermore, if (F,v) is acyclic, then we may find a canonical nonvanishing section of A via the torsion
T(v) € T'(A\). The curvature of A is thus

—00In|T(v)|* = —2001In7(v)

However, we may also find the curvature of A by first considering the curvatures of each F;. Explicitly,
let ; be the curvature of F;. Then we may show that the curvature of X is

14

D (1) her()

=0

by showing that
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1. The curvature of det E; is Qqet g = tr(£2;)

2. The curvature of a tensor product E® F' is Qpgr = Qe ®@ 1 + 15 Q Qp

3. The curvature of the dual bundle of a line bundle L~ is negative of the curvature of L
Then it follows that we have the equality

14
S r(9;) = —200In7(v)
=0

We now proceed to discuss another perspective that will generalize well in the infinite dimensional case.
Write £ = @Ez

Definition 4.6. (Number operator) Let N : E — E by N(s) =j - s, for s € E;. (So it multiplies elements
of E; by the integer j)

Definition 4.7. (Sign operator) Let o : E — E by N(s) = (—1)7 - s, for s € E;. This will split E into even
and odd parts via +1 and -1 eigenspace decomposition (i.e. a Zy-grading). So here we have E = ET @ E~
byE+:E0@E2@ and F— :El@Eg@

We also write v* : E; — Ej41 to be the adjoint of v with respect to the hermitian metric on £. This gives
rise to the corresponding Dirac operator V = v +v*. Noting that V reverses parity (i.e. V : E* — ET), we
may thus write it in block antidiagonal form with respect to the decomposition £ = E+* ¢ E~

0 v~
V= %)
In addition, the Zs grading also gives us a supertrace. For A € T'(M, End(F)), this is defined by

Trs(A) =tr(co A)

We may also extend this to Q*(M, End(E)) by Trs(wA) = wTrs(A).
Now let V = @ V® be the Chern connection over E. For u > 0, we define

A, =V +VuV

This is the first example of a superconnection; the discussion here is unfortunately quite vague, for more
details on the definition of superconnection, read ”Heat Kernels and Dirac Operators” by Berline-Getzler-
Vergne.
Note that the curvature will, as before, be an element of Q*(M, End(E)) (i.e. no differentiation occurs).
To see this, first
A2 =V + Vu(VV +VV) 4+ uV?

The proof will thus follow if we can show (VV + VV) is Oth order. This follows from the Bianchi identities
().
We now define a fiberwise zeta function arising from E:
-1

)= 1

o
/ u* 1 Trg(N - exp —A2)du
0

Here s € C and T is the gamma function.

Proposition 4.3. (g(s) is holomorphic for Re(s) > 0. Furthermore, it analytically extends to a holomorphic
function over C

Do note that this is a {-function defined over every point b € B, and that it outputs E-valued differential
forms. The proof of analyticity is trivial because A, is a finite dimensional operator.
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Ezample 4.7.1. The degree 0 part of (g(s) is

[Cr(s)]o = _1) /OOO w ' Trg(N - exp—uV?)du

T'(s
Since V2 does not change the differential grading.
In fact for acyclic chain complexes, there is more to say

Theorem 4.4. If the chain complex (E,v) is acyclic, then
Trs(exp —V?) = 09(}(0)
For example, looking at the degree 2 part of the equation, we have that
Try(=V?) = 00[Cx(0)]o

Proof. The key to this lies in the transgression formula:

0 oy 1= 9
%Trs(exp ALY = uaaTrs(N -exp —AZ)du

(To be proven at a later date). Assuming that the formula is true, the theorem then follows via integration
of the above identity

oo

Trs(exp AZ)

© 1
z/ —00Trg(N - exp —A?)du
O u

u=0
Now when (F,v) is acyclic V is invertible (from a Hodge decomposition). Computing, the LHS will thus be
Trs(expA?) = —Trs(exp —V?)

and the RHS can be computed via first noting that
1
(p(0) = — / u Trs(N -exp—A2) — Tr (N - exp —V?)]du
0
+ / u ' Trg(N - exp —AZ)du +T'(1)Try(N - exp —V?)
1
Then from Chern-Weil theory, O

4.4 Aside on Chern-Weil Theory

Roughly speaking, the Chern-Weil theory can be seen as a “geometric” theory of characteristic classes, which
relates the local geometric information (such as curvature) to the global topological properties of the vector
bundle.

Let M be a real smooth manifold, E — M a vector bundle, and V a connection on F; that is, a (real) linear
map C*(M, E) — QY(M, E) satisfying V (f - s) = (df) @ s+ f - Vs for all s € C*°(M, E) and f € C®(M).
Note that the domain of definition of V can be extended over all (E-valued) forms Q*(M, E). Thus from
this connection we have also defined its curvature Q = V2. The curvature can also be seen as a element
of O?(M,End(E)).

Ezxample 4.7.2. Let E = M xR™ be the trivial bundle, then just setting V = d, the exterior differential, defines
a connection. This connection has zero curvature since 2 = d? = 0. More generally, pick A € Q(M, M (R)),
then V = d + A also defines a connection, with its curvature 2 = dA + A A A.

Remark. Tt can be shown that any connection on F — M will look like d + A locally (or equivalently, on a
trivial bundle).
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Remark. Given connection V and a vector field X on M, we may obtain operators Vx by substituting X
into the form obtained as the value of V. In this way, it can be shown that our curvature has the usual
expression

QX,Y)s = VxVy(s) = VyVx(s) = Vix,y(s), (21)
for vector fields X,Y and bundle section s.

We have also defined the trace functional Tr : Q*(M,End(FE)) — Q*(M) for which Tr(w® A) := w Tr(A)
for w € Q*(M) and A € C*°(M,End(F)). Abbreviate w ® A by wA, we define [wA,nB| := wA AnB —
(—1)deswrdegn(nB) A (wA). From this definition we easily see that Tr([wA,nB]) = 0.

Example 4.7.3. Let V be a connection on E and A € C°°(M,End(E)). For the curvature Q = V2 €
O%(M,End(FE)), we have [Q, A] = QA — AQ (note QA means “matrix multiplication”, noting that End(E)
is in fact a bundle of algebras??); so we can check that Tr([2, A]) = 0.

Lemma 4.5. Let V be a connection on E, then for any A € Q*(M,End(FE)), we have
[V,A]=VoA—(-1)%4(40V), (22)

which is an element of Q*(M,End(E)) (with the action of each term interpreted accordingly). And d(Tr(A)) =
Tr([V, 4)).

Proof. Tt can be checked locally that d(Tr(A)) = Tr(dA). But locally V = d+B for some B € Q'(M,End(E)),
thus [V, A] = dA + [A, B], giving that Tr([V, 4]) = Tr(dA). O

Ezample 4.7.4. We have [V,Q] = [V,V?] =V oV2-V?20V =0, so d(Tr(Q)) = Tr([V, Q]) = 0, hence we
see that Tr(2) is a closed form in Q*(M).

In general, given a formal power series f(z) = ag + a1x + azx® + -+ -, we put
f(Q) = agldg +a1Q + a2 + - -- € Q*(M,End(E)). (23)
Theorem 4.6 (Chern-Weil). Given connection V on a bundle E — M, its curvature Q and a power
series f(Q) of the curvature like above, then
(i) Te(f(Q)) € Q*(M) is a closed form.
(it) The cohomology class [Tr(f(Q))] € Hig (M) in independent of the connection.

Proof. For (i), we use the lemma and cook up a similar argument for f(2) as that for 2 in the above example.
Mainly we prove (ii). In fact, we shall show that if {V'}, ¢ € [0,1] is any (smooth) family of connections,
then

1 t
Tr(f(QW)) — Tr(F(Q)) = day, with ay = / Tr (if’(ﬂ%) dt, (24)
0
and hence [Tr(f(QM))] and [Tr(f(Q®))] will represent the same cohomology class. Here dd—vtt is seen as

an element in Q' (M, End(E)). Moreover, for any two connections V(Y and V() we can always “connect”
them by a line segment V® =tV 4 (1 — )V 5o formula (24)) leads to our result.

To prove , we consider M = M x [0,1] with projection 7 :— M s.t. (z,t) — x, and put E = n*E.
Define connection V on E by V = V® 4 dt A %. From (i) it follows that

d (Tr( f(Q))) =0, (25)

where d = d + dt A % and Q= V2 =00 +dt A %;t). After some calculation, we will be able to find

~ dv®
Te(£() = Te(F(QM)) + dt ATy ((ﬂf'(mf))) . (26)
Then expand and look at the dt part we find
0 dv®
el ®)Y)) = =V M
5 @) = (1 (T @) ). (27)
Thus the result follows from integration. O
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Remark. To compute foimula we write f(Q) = agIdz +a1Q + aaf + - where Q = Q®) 4+ dt A dz;t),
then (Q®) +dt A dZ—it)) = (Q(t))k + -+, etc., the only thing to note is that taking the trace commutes the

wedge products, and hence allows terms to cancel.

Next we shall promote the set up to superconnections. Let o : E — E be a Zsy-grading, namely o2 = Idg,
giving the decomposition £ = EY@FE~. For A € C*°(M,End(E)), we have the supertrace Trg(A) = Tr(c A).

So naturally we can write
A A
A= 28
( An Ag ) (28)

so Trg(A) = Tr(A11)—Tr(Aszz2). The definition extends to Trg : Q*(M,End(E)) — Q*(M) with Trg(w®A) =
wTrg(A) upon noting that End(E) also has a Zy-grading End(E) = End*(E) @ End™ (E), where End™ (E)
is the block diagonal part and End™ (E) the block off-diagonal part.

Let V € C*°(M,End™ (E)), V= VE @ V¥ and put A = V+V, which is called the “superconnection”
on E. Note that (we will show?) the curvature A? is seen as an element of Q*(M, End(FE)).

Ezxample 4.7.5. We have constructed F = @2:0 E' with ¢ = (—1)¥, N the number operator. Thus writing

any A=Y\ A; with A; € Q*(M,End(E")), we will have Trg(A) = 3\, (—1)" Tr(4,).

Analogously we have
Theorem 4.7 (Super Chern-Weil). Same setting as above, then
(i) Trs(f(A?%)) € Q*(M) is a closed form.
(ii) The cohomology class [Trs(f(A?))] is independent of the superconnection.
To prove it, we shall consider a similar identity to for the family A; =V +tV.

5 Chern-Weil Theorem on Complex Manifolds

Let {E;} be a finite family of complex vector bundles equipped with a Hermitian metric, and suppose we
have a holomorphic chain complex

05 E S3ES...5E 350

v?2 = 0 and v is a holomorphic line bundle homomorphism. Now let E = @220 E, = Et ® E~ with
Zo-grading o = (—1)" where N is the number operator. This gives the usual decomposition £ = E+ & E~
with E* the direct sum over even i, £~ over odd i. This means that v,v* and V = v + v* are maps

v:ET - ET,
v* BT — BT,
V:ET - ET,

that is, each of v,v*, V belong to the space End~ (F) of block off-diagonal maps on E.

Let V¥ be the Chern connection on F; and define V = @221 VEi. Akin to the real case, we now define
family of super-connection A, =V + V@ for a complex-valued and V, = av + av* € End™ (E).

Theorem 5.1. (1) For all a € V, Try[e=*"] and Try[Ne~A2] consist of sums of (p,p)-forms.

(2) The first of the above expressions is both O- and O-closed.
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(8) The following identities hold:

%Tré e = —0Tr e,
9 ot = B e
%TTS [ave™] = —9Tr,[Ne ™™,
%Trs[av*e*A ] = +0Tr[Ne ™

In particular, the above imply

0 A2y 1 — A2
%Trs[e |= a@(? Trs[Ne ™ ],
ETT [efAz] = —153 Tr [NefAQ]
da ° @ ° '

We remark here that each term of a complex differential form is has a degree specified by two parameters
(p, q), with p the degree of its holomorphic part and ¢ the degree of its anti-holomorphic part.

Proof. Observe that
(V+ V)2 = V2 +|af* (vo* +v*v) + (aV'v +aV'v*),
where V = V' + V" is the decomposition of V into its holomorphic and anti-holomorphic parts. Note
that V2 is a (1,1)-form, |a|?(vv* 4+ v*v) is a (0,0)-form, and aV'v + @V”v* is the sum of a (1,0)- and a
(0, 1)-form.
Therefore we can we can conclude (1). Also, using Chern-Weil and denoting d = 0 + 0, we have

dT'r [e*‘v] =0Tr, [eiAz} +0Tr, [efAE] =0,

which is a sum of forms of type (p + 1,p) and (p,p + 1). Hence, each term vanishes individually, so
Try[e=*°] is both 0- and d-closed, as claimed.

Now we move to the first two identities in (3). We apply the same procedure as in the real case, only
this on B x V:

(8 + daa> Tr [exp(V + daﬁ + d&g + Va)ﬂ 0,

da da oa

9 P D al
(8+daaa> Trs[exp(V—l-da%—i—dE%-i-V ) ] = 0.

But observe that V + da% + dﬁa% = A2 + dav + dav*, which gives us

Tr, [exp(v + da% + dﬁ% + V“)Q} =daNdane+Trs [eiAQ] —daTr, [vefAz] —daTrs [1}*67&2],

where ¢ is some differential form. Using one of the identities above, setting the da term to 0, we find

0 a2 a2y
%TTS [e™%a] + OT'rs[ve™"a] =0,

giving us the first identity in (3). The second follows in the same way after setting the da term to 0.
Finally, we compute dTr,[Ne *]:
dTrs[Ne*Ai] =..

=Trs[(—av+ Ev*)e_Ai],

giving us the second pair of identities in (3). O
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6 Holomorphic determinant line bundles in infinite dimension

First we make some remarks about the real setting before returning to the complex setting of interest to us.

Let m : M — B be a submersion from a real total manifold M to a real base manifold B. Having a
submersion 7 means that for each y € B, the fibers 7~!(y) = Z, are smooth real manifolds diffeomorphic
to each other. That is, each € M with m(z) = y has a neighborhood isomorphic to the product manifold
B x 77 1(y) (local triviality). Setting Z = Z,, this information amounts to a fiber bundle with the diagram

Z M5 B.

As we’ve previously done, we can define the vertical tangent bundle TV M C T'M to be vector fields on M
that are tangent to the fibers, or equivalently, the vector fields that descend via 7 to the trivial vector field on
B. For simplicity we denote TZ = TV M. We can further define a complementary subbundle T” M c TM
such that TM = TH @ TZ with corresponding projections p : TM — THM and p? : TM — TZ. We call
TH M the horizontal tangent bundle.

We remark that TH M = 7*TB, so any vector field in T'B lifts to a vector field in T M, which we call
the horizontal lift.

Now equip B, Z with smooth metrics gZ, g?. We can then define a smooth metric g = 7*¢® + ¢gZ on the
total manifold M, called the submersion metric.

Let nabla™ denote the Levi-Civita connection on TM. We let VZ = p? V'’ denote the projection of VZ
on TZ and R? = (V#)? denote the curvature on TZ, each of which is compatible with the metric gZ by
construction.

The machinery explained above largely passes to the complex setting, but with some subtleties which we
mention here. For complex manifolds M, B, we now require the submersion 7 : M — B to be holomorphic.
We also require the fibers Z = Z, to be compact, complex manifolds, and will later impose even stronger
conditions. We now have a short-exact sequence of holomorphic vector bundles

0— 1307z 5 70N & 7O 0.

The local triviality near a base point y of this vector bundle may not inherit a natural complex structure
— the short exact sequence above may not split holomorphically.

We now introduce an important definition:

Definition 6.1. The triple (7, g%, T M) is called a Kdhler fibration if there exists a smooth (1,1)-form w
on M such that:

1. dw = 0;
2. forall X € TZ and Y € TH M, we have w(X,Y) = 0;
3. for all X,Y € TZ, we have w(X,Y) = (X, JY), where J2 = —1.

We remark that the form w restricts to a Kéhler form on the fibers of 7, meaning that that the fibers
are Kahler manifolds.

Example. Let (M,g) be a Kihler manifold with g% = g|TZ, THM = (TZ)*s. By definition M is

equipped with a Kéhler form w that is closed and satisfies (1) and (2) over TM. By restricting to TZ, we
observe that the triple (7, g?, T M) defines a Kihler fibration.
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Example. Let (Z,w) be a Kihler manifold and define M = Z x B - B for any complex manifold B.
Then (7, g%, w) defines a Kihler fibration.

Given a Kihler fibration (7, g%, T M), the connection VZ turns out to be precisely the Chern connection
on T Z  1In particular, when M is a a Kihler manifold, the Levi-Civita connection and then Chern
connection are the same.

Now let & — M be another holomorphic vector bundle.

Definition 6.2. For 0 < p <[, we define EP = C>(M, A\P(T*(®V Z)®¢), and we further define its restriction
By = C>(Zy, /\p(T*(O’l)Zy) ® 5‘2 )-

We can think of EP an infinite-dimensional vector bundle.

For each y € B, we have 52y : E?’; — Efj“. We define 5y =2 5Zy. The factor v/2 is a convention
related to the identity Ay = 2A5, where d = 0 + 0.

Theorem 6.1. There is a holomorphic line bundle A — B such that for every y € B, the fibers A\, =
(DetHO0(Z,,€|, )~ ® (DetHN(Z,,] , )" & ..

Proof. Let (,) be a Hermitian structure on EP. We can define an L? metric on global sections s, s’ of EP of

the form
/ (s,8).
Z

Y

With respect to this metric, we have the adjoint 5; =2 (gzy)*, and we can define a family of Dirac
operators B B
D, =39d,+9,.
Next, for all a € R, we define U* = {y € B : a ¢ SpecD.}, which is the subset of B for which a is in the
resolvent set of the Laplacian Dg. We further define K*P to be the direct sum of eigenspaces of DZ with
eigenvalue less than a, so that K°P = L2(E5). For a fixed, we have the holomorphic line bundle

0— K0 % a1 & 9 gal g

from which we obtain a determinant line bundle A\, — U,. We can similarly define K**? = {y € B :
a ¢ Spech} to be the direct sum of eigenspaces of Di with eigenvalues in the interval (a,b), giving the
holomorphic chain complex

El ) 9,
0— K0 5 gabl 5 5 gebl .

This chain complex is in fact acyclic, so we obtain nowhere vanishing ”"holomorphic” sections T(ga’b) €
A%? on the determinant line bundle A**.

We remark that in general, if 7 : M — B is a holomorphic submersion where each fiber is a compact,
complex manifold, the Hodge numbers h?4(Z,) = dim H?Y(Z,) may not be constant in y. However, we
have the following stability result: for any yo € B such that Z,, is Kédhler, we have h?(Z,) = h?9(Z,,) for
y near yo. Therefore the Hodge numbers are constant in the case that each fiber is Kahler. For simplicity,
we assume dim H?(Z,, & ’ Zy) is constant, giving us a smooth vector bundle

dim H?(Z,,¢|, ) =y € B.

Then we have a vector bundle isomorphism

= (DetHO(Zy,g\Zy))*l ® (DetHl(Zy,g|Zy))*1 ® ...
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The Hodge theorem states that H?(Z,, f’z ) = kerDz - Ei inherits an L? metric, which in turn induces
Y

an L? metric on the determinant line bundle X via the vector bundle isomorphism mentioned at the end of
last class. We denote this L? metric by | - |. We define the Quillen metric || - || to be

11l = 1+ Jexp(~5¢,(0),

where )
e

We now state theorem summarizing some important results about this metric.

/ u* " Tr (Nv exp(—uDZ)) du.
0

Theorem 6.2 (Quillen, Bismut-Gillet-Soule). The Quillen metric defines a Hermitian metric on A, the
curvature of its Chern connection is given by

27T2'[/Z Td(—f—z) ANTr (exp(—Rg)>](2).

Iy 211

Here [-](2) means taking the 2-form part. Since TZ is a vector bundle on M with connection V7% defined
above, while R? is the curvature with respect to V2. & is a holomorphic vector bundle on M with Chern
connection V¢, RS is the curvature with respect to V&.

Remark 6.2.1. This theorem has a lot of applications in many fields, including Arakalov Geometry and
Mirror symmetry.

Outline of the Proof. Notice that, if s is a local section of A, then
RI' = 9d1og ||s]|> = ddlog |s|* — 8d¢'(0) = RI' — dd¢’(0),
ie. -
RIFN— RpI1 = —08¢'(0),

which looks like double transgression formula.
Indeed, in finite dimensional case, let A, = V + \/uV, then we have

0 oy Las 2
%Trs[exp(fAu)] = EaaTrs[N exp(—A%)],
which implies

T
Tr, [exp(—AZ)] Z:E = 85/ %TT‘S [N exp(—AZ)]du.

Notice that A2 = V2 + \u[V, V] + uV?, limy_ee Trs[exp(—A2)]2) = Trs [e><p(—V02)](2)7 where VY is the
projection of V onto ker V2 = H*(E, V).

Moreover, lim,_,o Trs[exp(—A2)] = Trg[exp(—V?)].

Consequently, Tr,[exp(—V?2)] — Tr,[exp(—V°?)] = 98¢’ (0).

For infinite dimensional case, we consider A, = V + VuD, where V is a connection on E? — B defined

as follows:
For any Y € C%°(B,TB), s € C®(B,EP) = C®(M,APT*OV 7 @ ¢),

@ys = Vg%gs.

It turns out that V is the Chern connection on EP — B with respect to L? metric.
In this case, we still have

0 1.
%Trs lexp(—A2)](2) = EGGTTS [N, exp(—A2)].

As before, limy o0 T7s[exp(—A2)]2) = Trs [exp(—VOZ)](g) = RI'l, where VO is the projection of V on
ker D? & HO*(Z,¢5).

. . z

limy,_—0 T [exp(—Ai)](g) = 27m[fZ Td(fR—) A Tr(exp(— RS Nl

27t 27t

Hence, RI'l = RI'T — 08¢ (0) = 2mi[ [, Td(—E2) A Tr(exp(—£5))] 2. O

z
T 271
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7 Mirror Symmetry at Higher Genus

7.1 Introduction

Mirror symmetry predicts some symmetry about Calabi-Yau manifold, Fano Manifold, Landau-ginzburg
model etc.
Roughly speaking, we have

A Model B Model

Symplectic Geometry Complex Geometry

g = 0: Deformation of Complex
Structure using Period integral
_ d
Fo(@) = ZdZO Ng.aQ g > 1: BCOV holomorphic
anomaly formulas

Here N, 4 is the Gromov-Witten invariants, which counts the number of holomorphic curves of genus g,
degree d in Calabi-yau Manifold.

In particular, g = 1 holomorphic anomaly formula is almost equivalent to curvature formula for Quillen
metric. Moreover, holomorphic anomaly formula of higher genus is related to that of g = 1.

7.2 Calabi-Yau manifolds and their moduli

First of all, Kahler manifold is a complex manifold with an Hermitian metric g = glgdzi ®dz’, whose Kahler
form w = \/jlgijdzi A dZ’ is closed.
A Key feature of Kahler manifold is
Ay =205 = 2Ag,

where

Ay = dd" + d*d (Hodge Laplacian);
Ay = 00" 4+ 09
A = 00" + 00 (Dolbeault Laplacian).

This implies the so called Hodge decomposition for compact Kahler manifold:

H*M)= € H"(M).
p+q=k

Remark 7.0.1. Since Ay is real, we have HP*? = H®P, which implies h?1 = h%P. Here h?1 = dimHP9 is
so called Hodge numbers.
By Poincare duality, we have HP1 =2 H"=P:n=4 where n = dimcM.

Ezample 7.0.1. 1. C™ with canonical metric go = > ,dz; ® dz’ is Kahler. Moreover, let I' C C" be a
lattice of rank 2n, then C™/T" is a compact Kahler manifold.

2. CP™ = {[z0, #1, ..-2n)} with Fubini-Study metric grg is also Kahler, where locally,
B b
wrs = v=1001og(Y _ |zi*).
i=0
3. Any Complex submanifold of a Kahler manifold is also Kahler.

Definition 7.1. A Calabi-Yau manifold is a Kihler manifold M whose canonical line bundle Det(T*(%) M)
is holomorphically trivial.
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Ezample 7.1.1. The previous Kéhler manifolds C* and C™/T" are also examples of Calabi-Yau manifolds.

Ezample 7.1.2. Consider CP™ with homogeneous coordinates [zg, 21, . . ., 2,], and let F'(g) be a homogeneous
polynomial of degree d and whose only cut point is 0. Then the locus F'(zo,...,2,) = 0 defines a Kahler
manifold. In fact we have the following from the adjunction formula:

F =0 is Calabi-Yau <— d=n+1.
This gives us two more explicit examples of Calabi-Yau manifolds:
Za+---+25 =0¢€ CP3
204+ 25 =0¢c CP%

More generally, for a sufficiently small ¢, we have
2o+ 425 +tzg...23 =0¢€ CP?
Zo 42 btz 24 =0€CP*
are Calabi-Yau.
We can construct a moduli space of Calabi-Yau structures on a manifold by identifying the Calabi-Yau

structures which are biholomorphic. We say that M; and My are biholomorphic if there exists holomorphic
F : M; — M> with a holomorphic inverse.

Ezample 7.1.3. Elliptic curves. Let I' C C where I' = (11, 72) and 71,7 are linearly independent (here
C is thought of as a 2-dimensional vector space of R). We can assume that 71 = 1 and 75 = 7 where 7 lies
in the upper-half plane H. Unsurprisingly, we find that the elliptic curves corresponding to (1, 7) and (1, 7')

are biholomorphic if and only if there is a matrix ((i Z) € SLy(Z) such that

, _ar+b
ct+d’

Ezercise. Any holomorphic map F : C/T' — C/I” is induced by I' : C — C which is linear.
Thus, H/SLy(Z) is the moduli space of 1-dimensional complex tori. We define E. = C/(1, 7).

Ezample 7.1.4. Consider zg + 27 + 22 = 0 in CP2. This is a 1-dimensional Calabi-Yau, so so it must be
associated with some 7 € H/SLy(Z). But which one? 7 can be computed via the so-called ”period integral.”
E: has a nowhere-vanishing holomorphic 1-form dz, called the Calabi-Yau form (it is not exact on E;).

H,(E;) has a basis given by a : Z(t) = ¢, b: Z(t) = ¢r for ¢t € [0,1]. The pairing between dz and a,b
gives period integrals
Tq = % dz=1

Wa:%dZ:T.
b

Now if we set X = {(7,[2]) : 7 € H, [2] € C/(1,7)} and define the moduli space M = H/SLs(Z), the
projection map

T:X > M, (1, [2])

is a holomorphic submersion fibers, where the fibers are denoted E, = X, = 7~ (7).

We have seen some particularly simple examples of Calabi-Yau manifolds. However, things are typically
much more difficult:
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e The moduli spaces can be bad.

e Higher-dimensional Calabi-Yaus do not typically admit an explicit description.

To inform our understanding of other Calabi-Yaus, we explore deformation theory. Specifically, we look
at deformations of complex structures using the Kodaira-Spencer maps. Some more definitions are necessary
here.

Definition 7.2. An almost complex structure (acs) is a fiberwise map J : TM — TM with J? = —id. We
say that it is integrable if either of the following conditions hold

{[T(l’O)M,T(LO)M] C TUHOM ie. THO M is integrable

Nj =0 i.e., the so-called Nijenhaus tensor vanishes

It is a theorem due to Newlander-Niremberg that the above two conditions are equivalent.
Definition 7.3. A complex structure on M?2" is an almost-complex structure that is integrable.

Any complex manifold has a canonical almost-complex structure which is integrable. The converse is
proved via the Newlander-Nirenberg theorem which states that J is integrable if and only if the Nijenhuis
tensor N vanishes.

Let J be a complex structure. A deformation of complex structures is a continuous family of almost
complex structures J(t) for t € (—¢,¢) such that J(0) = J, N = 0. We write the infintesimal deformation
" ()

dJ(t
T 7 li=o
We note that Nj;) = 0 implies that Ora.oyn = 0. Hence, n € ker(Ora.0 ), so this kernel will track all
the deformations of complex structures.

We now identify biholomorphic complex structures at the infintesimal level to get the formal tangent
space of complex structures. Let V be a vector field on M, and let F(t) : M — M be the flow (1 parameter
family of diffeomorphisms) generated by V. Via pullback, we may obtain the following family of complex
structures:

€ End(TM) = T*M @p TM

J(t) = (DF(t))"' o Jo DF(t)
By construction, (M, J(t)) and (M, J) have a biholomorphism given by F(t). Then we have that
dJ(t =
0 _,

dt le=o

where v, € C®(M,TM M) is given by v. Thus, we see that n € in(Opra.0,,) will be deformations of
complex structures in the same biholomorphic class. Thus, the formal tangent space of complex structures
at J will be contained in ker(dpa.0)pr)/im(Opa.0 ) = HOD (M, TGO M),

In fact, the formal tangent space of the moduli space of complex structures equals H%' (M, (L0 M in
certain nice cases. However, in full generality there is some subtlety. The most important of these is the
issue of obstructedness: a cohomology class [] € H%' (M, T(1% M) may not actually arise from a family of
complex structures. Fortunately, this problem disappears because of the Calabi-Yau condition because its
canonical line bundle vanishes. This is stated in the following theorem:

Theorem 7.1. (Tian-Todorov). For a complex Calabi-Yau with HOO(M, T0OM) = 0 (this condition
implies biholomorphisms are discrete), a deformation of its complex structure is unobstructed. In partic-
ular, the universal moduli space of complex structures is a smooth complex manifold with tangent space

HOY (M, T M),

n

Remark 7.1.1. A Calabi- Yau M"™ with \" T*%9 M trivial implies TMO M = /\"_1 T*OY M | which implies
HOY M, T*OVM) = H, 1, M.

Example 7.3.1. If M is a 1-dimensional Calabi-Yau, dim H'=1M = H%'M = h%! = 1, which agrees with
our previous discussion about elliptic curves.
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7.3 Weil-Petersson geometry of moduli space

For simplicity, M is a compact Calabi-Yau 3-fold. Thus there exist a nowhere-vanishing holomorphic (3,0)-
form €2, referred as the Calabi-Yau 3-form. It is unique up to constant multiplication.

Denote M), as moduli space of complex structures on M. By Kodaira-Spencer, this is a complex manifold.
Turns out that M, is Kahler, with a canonical choice of metric, called the Weil-Petersson metric.

Indeed, TMy; =2 HOY (M, T(HO M),

For all u € H%' (M, TM9 M), we have i,Q € Q' (M), where i denotes contraction. Then the Weil-Petersson
metric is Vu,v € HOY (M, T(HO M),

(u,v)wp = —fM(ium 4 m~

[y QA
FEzercise. For 7 € H/SL(2,Z), E; = C/(1,T), compute a% as an element of H%'(E,, T E, ), and hence
(8%’ %)WP. (the answer should be the hyperbolic metric.)

Turns out that there is another way to look at the Weil-Petersson metric.
Let m : X — M)y, be a universal deformation. For each 7 € My, X, = 7~ !(7) is another Calabi-Yau
manifold. Therefore H3%(X,) = C, trivialized by a choice of Calabi-Yau form (2,. This gives rise to a
holomorphic line bundle L — M, with L, = H3°(X,), 7 € Mj;. Physicists usually call this the vacuum
line bundle.
This line bundle has a natural Hermitian metric

192 = (2, 9Q,) = \/_1/ 0, A

X,
Hence the curvature of its Chern connection is given by
99 log [1Q]]?,

where (2 is a local holomorphic section of L.
Now we have the miracle:

Theorem 7.2. wy p = ddlog ||Q|2.
Corollary 7.2.1. Weil-Petersson metric is Kahler.

Proof. (Idea of proof) Let 7 = (7%) be a local coordinate chart of Mj;. We have that 9, is equal to a
(3,0)-piece and a (2,1)-piece, which must equal to K, + x,. Here x, = ig o+ Q.
Therefore,

0.0y log [0

o, [mig/mm}

:l W/@Q/\Q/Q/\(‘);,Q [IQ Q/aQ/\abQ}

We claim that the above equals to

S Xa AN X
fana”
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7.4 BCOYV Torsion and Holomorphic Anomaly Equation

Let M be a compact Kahler manifold, with dim¢ M = n. £ — M is a holomorphic vector bundle. We have
the determinant line bundle
A(€) = ®yo(Det HOD (2, £) D"

Note: this is the dual of the previous one.

It comes with a natural hermitian metric, the Quillen metric. Now, if 7 : M — X — M is a Kahler fibration
with typical fibre M.

& — X being holomorphic implies A({) — M being holomorphic line bundle, and the curvature of the Quillen

metric is ]
_pM _R¢ ’
][ a(FE ) wn ()]
M 27 2m

where RM is curvature of vertical holomorphic tangent bundle.
TOEOM ¢ T X, (For simplicity, we drop ”(1,0)” notation later on), and

R¢ R¢
ch <—27TZ> =Tr (exp—m) .

The standard notations are: For any complex vector bundle £ — M of rank k,

=1 (), oy e ().

e T

More generally,

_R¢ k )
_— = 1 . v
det (I—i—t 5 ) + ‘E ()t
where ¢;(€) is the i-th Chern class.

For a line bundle, ¢; = %.
Hence the curvature formula for Quillen metric is

_RTM _R¢ (1,1)
o = [ 1o ()]
Here RM = RTM

BCOV made the following choice for &:

E=a)_(—1)Pp AP T*M.
This implies
A= @0 _o(DetHPI (M) D" 5 My,
which is called the BCOV line bundle.
Theorem 7.3. BCOV With the induced Quillen metric,
1 (171)
a(A)=—— [/ c1(TM) ~cn(TM)]
12 |y,

Proof. We first note that by Bismut-Cheeger-Soule, we may express the right hand side as

n (1,1)
a(\) = / Td(TM) - (~1)Ppch(APT* M) (29)
M =0
Now, we will show that for any rank n bundle ¢ — X, we have the following equality:
Td() - ) (~1)Peh(APE") = en(§) (30)

p=0
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To see that this is true, let us first diagonalize the hermitian matrix —R®/(27y/—1) into the diagonal matrix
with entries 1, - -+ ,7,. These are the so-called Chern roots. We then have the following equalities via direct

evaluation
Td(f) = Zi:l 1:2%

ch(§) =3 e
) .

(31)

Ch(APE) = 0 exp— 0,
Thus, we have the following equality

n

Z( 1)Peh(APE") Z Z exp — Z%] = H 1—e ")

p=0 p=Lliy, i
And plugging this and the first equality in the previous equation into (30) gives the desired equality. We
may now repeat the same process used above to obtain the equation

n n

> (=1)PaPeh(Are) = [](1 — ze)

p=0 i=1

Differentiation this at z = 1, we obtain

M=

(1) peh(A7") = - T[(1— )

7
I
<}
<
Il
—
-
—
<
S
<

Thus,

Now, noting the formal series expansion

1 T o= (=1)7IB; o,
= ]_ — B — g
—er T 7 ; 20!

where B; is the ith Bernoulli number, the previous equation becomes

Note that By = 1/6, which is where the 1/12 comes from. Now, in equation (29), we only care about
the (1,1) part, and since n degrees get integrated out, we only want the degree (n + 2) part of T'd(¢) -
ZZ:O p(—1)Pch(APE*). This is precisely —15¢,(€)ci(€); plugging this equality into Bismut-Cheeger-Soule
with £ = TM gives the desired result.

O

Now, from the Calabi Yau condition, the canonical bundle A"T*M is holomorphically trivial. Thus,

Cl(M) = Cl(TM) = —Cl(T*M) = —Cl(AnT*M) =0
We also note Yau’s celebrated theorem,

Theorem 7.4. Let M be a Calabi Yau manifold. Then for each Kdhler class, there exists a unique Ricci-flat
metric g with Kdhler form in the Kdhler class. This is known as the calabi- Yau metric

Now, suppose that our universal deformation X — M has fiberwise Calabi Yau metric. Then,

x(M)
12

Theorem 7.5. ¢1(Agcov) = wwp
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Proof. By the previous theorem,
1 (171)
c1(ABcov) = 1 [/ c1(TM) - c,(TM)

M

Now, note that
c1(TM) = —(A"T*M) = —c1(n*L) = —7"c1 (L) = —m*wwp

Here, L is a line bundle determined by the fiberwise Calabi Yau metric. The first equality follows by triviality
of the canonical bundle, and the third by functoriality of the Chern classes, and the last by construction.
Now noting that —m*ww p has no vertical component, we have that

(1,1
1 N —w —w
ca(scov) =~ 13 [ /M - pr-cn<TM)} =— /M en(TM) = — 5= x(M)

as desired O

Now let us reinterpret what we have done so far. Recall that
Acov = X) Det(HP1(M))=D"""r
P.q

And that each HP7(M) = kerAg’QM as a C'°° vector bundle over X. Here, kerj is the Dolbeault Laplacian.
Over this, there is a natural L? metric from the determinant of the Laplacian.

Definition 7.4. The kth Hodge form is

whk = ZP S (HPFP) = ch(]'—ka)
p=0

p=0
Here F is the Hodge filtration.
And now we have the relation between the Quillen metric on Agcov and the torsion
1118 = I - Iz2TBcov
Recall that "
_1)pta
TBCOV = H Det(Ag’q)( 1) pq
P,q=1
Then, what we have done is that
Theorem 7.6. (Genus 1 holomorphic anomaly formula)

2n

_ M
00logTscov = Z(—l)kwm - X(12 )
k=0

ww p

Proof. From above, we have that
X(M)
12
But by construction of the metric on Agcovy, it now follows that

wwp = c1(Apcov)

n

c1(Asoov) = Y _(=1)P pey (HP) — 0logTscov
p=0

2n k
= Z(*l)k chl(Hp’kfp) — ddlogTrcov
k=0 p=0

2n
= Z(—l)k’wm — 80logTpcov
k=0

and we are done. O
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This theorem leads into the BCOV Conjecture

Conjecture (BCOV) Let (X, XV) be a Mirror pair of Calabi Yau 3-folds. Let M be the moduli space
of complex structures over X. Finally, let L — M be the vacuum line bundle. Then

1. There exists a C™ section F, € C*°(M, L?729) called the genus g topological string amplitude

2. F, satisfies the BCOV holomorphic anomaly formula:

2n
_ M
00F, = E (=1 Fwpe — X(12 )UJWP
k=0

and 5}'9 satisfies a certain recursive formula in terms of the ¢ — 1 and g — 2 amplitudes

3. There exists a procedure of passing to the holomnorphic limit to obtain a holomorphic section F, €
HO(M, L?~2%9

4. The gromov witten potential F,(Q) of XV is obtained from F, via the Mirror map.
Remark. 1. This is the Topological string formulation of Mirror Symmetry for genus g > 1.
2. There is also a homological mirror symmetry formuklation of Kontsevich

3. Furthermore, there is also the SYZ construction of Mirror pairs.
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